We generalize the calculation of Ref.
Introduction
The purpose of this paper is to generalize the results of Ref. [1] , to the case of a spectrum with a null eigenvalue corresponding, for example, to Neumann or periodic boundary conditions. From Refs. [2, 3] where the exact sum rules of integer order have been calculated to all orders, it is known that one needs to apply a renormalization procedure since the traces containing the contribution of the vanishing eigenvalue are ill-defined. In this case, the expressions for the sum rules differ from the corresponding expressions for a positive definite spectrum, for the presence of extra contributions that appear after renormalization. Following the procedure of Ref. [1] , we extend this renormalization to the case of sum rules of rational order, treating the inhomogeneity as a perturbation and working up to second order. With this calculation we recover the result of eq. (9) of Ref. [4] , which was obtained working directly using Rayleigh-Schrödinger perturbation theory for the eigenvalues.
The paper is organized as follows: in Section 2 we introduce the Green's functions of order 1/N (N = 2, 3, . . . ); in Section 3 we add an infinitesimal shift γ > 0 to the Laplacian operator (to obtain a positive definite spectrum) and obtain the expressions for the energy of the fundamental mode in perturbation theory in the infinitesimal parameter; in Section 4 we use the Green's function of rational order to obtain traces of rational order, reproducing the result of Ref. [4] ; in Section 5 we verify the general formula for a specific case of a linear density with a purely numerical calculation. Finally, in Section 6 we draw our conclusions and discuss possible directions for future work.
2 Green's functions of order 1/N In this paper we consider the Helmholtz equation for a heterogeneous system in d dimensions
where
is the Laplacian operator in d dimensions, Σ(x) > 0 is a density and Ω is a d-dimensional region of space. The boundary conditions on Ψ n (x) are such that the spectrum contains a null eigenvalue, E 0 = 0.
As discussed in Ref. [2] , in this case the sum rules of integer order, obtained in terms of the traces involving the operatorÔ =
are illdefined due to the divergent contribution of the null eigenvalue. The appropriate renormalization procedure to obtain the exact, finite, sum rules, restricted to non-vanishing eigenvalues has been described in Ref. [2] for the case of integer order and it will be generalized here to the case of rational order.
By modifying the operatorÔ and performing an infinitesimal shift γ,
we manage to work with a positive definite spectrum. Let us define
where Σ(x) > 0 is the density and G 0 (x, y) is the Green's function of the homogeneous problem (Σ = 1):
These functions obey the properties
and
It is easy to see that G γ (x, y) is the Green's function associated with the operatorÔ γ :
Now introduce a new function,G y) , satisfying the property
The property above is fulfilled provided that
Let us now decompose G γ (x, y) in the basis of the unperturbed (homogeneous) problem
Similarly we can decomposeG
in this basis as
where q
Using this expression in the left hand side of eq. (9), we have
Similarly, the right hand side of eq. (9) becomes
By equating eqs. (15) and (16) we finally obtain the matrix equation
where ′ r is the sum over all modes with the exclusion of the fundamental mode.
The exact solution of eq. (17), that would provide the exact expression for the Green's function of order 1/N , cannot be obtained for an arbitrary density Σ, and therefore it is convenient to resort to perturbation theory.
In this case we assume a mild inhomogeneity and write
with |σ(x)| ≪ 1 for all x. λ is a power-counting parameter that will be set to 1 at the end of the calculation. Therefore
Similarly we can write
Then, by inserting (20) inside eq. (17) and selecting the term of order λ k , we obtain the matrix equation
The solutions of eqs. (22) can be obtained iteratively, starting from the lowest order (k = 0) and moving to higher orders. To do this it is convenient to introduce the definitions
Then, the solutions of eq. (22) up to second order take the form
3 Energy of the fundamental mode
We consider the Helmholtz equation for the fundamental mode, modified by the presence of the infinitesimal parameter γ, i.e.,
Notice that, for j > 0, the corrections to the wave function can be chosen to be orthogonal to the order zero:
Substituting the expansions inside eq. (25), the corrections to the eigenvalues and eigenfunctions to order k are determined by the equation
It is easy to see that Ψ
0 (x) = 1/ √ V and E (0) 0 = 0. Similarly, to first order one obtains
The correction of order k to the eigenvalue and to the eigenfunction are
that can be solved recursively starting from k = 2. In particular the corrections to E 0 up to fourth order read (see Ref. [3] )
Taking into account that Σ = 1 + σ, and expanding up to second order in the density, we finally obtain 1
0 γ 2 + . . .
Sum rules of rational order
The results obtained in the previous two sections allow us to apply the renormalization procedure of Refs. [2, 3] to the case of sum rule of rational order. The sum rule of order 1 + 1/N can be calculated using the Green's function of order 1 and 1/N , as done in Ref. [1] for the case of a positive definite spectrum. In this case we obtain
Letting s = 1 + 1/N (1 < s ≤ 3/2) and substituting the expressions for the q and Q we obtain
Therefore
Following Ref. [3] we can define the renormalized sum rulẽ
where the last term in this expression is a finite contribution stemming from the zero mode. This result can be condensed into the formulã
This is precisely the eq.(9) of Ref. [4] , obtained using Rayleigh-Schrödinger perturbation theory.
A numerical experiment
We consider a heterogeneous string of unit length (|x| ≤ 1/2) and with density
and assume Neumann boundary conditions. The condition Σ(x) > 0 for x ∈ (−1/2, 1/2) implies |κ| < 2. The general expression for the exact sum rule of order 1 for a heterogeneous string has been derived in Ref. [2] and it reads
where G (0) (x, y) is the regularized Green's function for Neumann bc [6] 
Notice that the second term in eq. (40) originates from the renormalization of the trace. In the present case one obtains
This result is exact to all orders in the density. The calculation can be also carried out using eq. (38), obtaining
which confirms the exact result. For the case of sum rules of non-integer order, results that are exact to all orders are not available and therefore one needs to rely on numerical results to assess the perturbative formula in eq. (38). Accurate estimates for the lowest eigenvalues of the string can be obtained applying the Rayleigh-Ritz method; on the other hand, the highest part of the spectrum of a heterogeneous string can also be estimated precisely using the approach of Ref. [5] .
In particular, the leading asymptotic behavior of the eigenvalues of the string as n → ∞ is
The sum rule can be approximated as
where E (RR) n are the numerical eigenvalues obtained with the Rayleigh-Ritz method and n max is a cutoff (in our case n max = 200).
The sum rule of order 3/2 calculated perturbatively up to second order is
We have used the numerical eigenvalues calculated using the Rayleigh-Ritz method with 2001 modes to obtain numerical approximations of Z(3/2) at 20 values of κ (κ = 1/100, 2/100, . . ., 1/5). These results have then been fitted with polynomial of order four in κ, thus obtaining the estimate 
that is remarkably close to the exact result.
Conclusions
We have calculated the sum rules of rational order for the eigenvalues of the Helmholtz equation in d dimensions in presence of a heterogeneous medium and for boundary conditions allowing for a null eigenvalue. From our previous works, refs. [2, 3] , it is known that the sum rules at integer exponents can be cast in terms of traces involving suitable Green's functions by following the renormalization procedure originally introduced in Ref. [2] . In this renormalization it is seen that extra terms appear compared with the analogous case for boundary conditions not allowing a null eigenvalue. The calculation of a sum rule in terms of a trace, which in our view is more rigorous than the approach of Ref. [4] , involves Green's functions that are decoupled from the zero mode. The renormalization generates extra contributions which couple to the zero mode. By extending the calculation of Ref. [1] to the case of a spectrum with a null eigenvalue and following the renormalization of Ref. [2] , we recover the formula (9) of Ref. [4] , was obtained using the Rayleigh-Schrödinger perturbation theory.
